I. INTRODUCTION
Due to its relevance in the diverse areas of physics, chemistry and biology, Brownian motion in a double well potential has been a subject of much research interest. See, for example, [1, 2] . Recently, the transient behavior of Brownian particles following a change in the potentials has been of interest to researchers. ( [3] and references therein). When the potential of a system suddenly changes, it takes some time for the particle's probability distribution to adjust to the new circumstances. Meanwhile, the current (or escape rate) takes a certain time to settle down to its stationary value prescribed by the Kramers formula or its generalization. In Ref. [3] studying Brownian motion in a meta-stable potential after a sudden change in the potential, we learnt that the relaxation time of the majority of the probability around the bottom of the well and the time for the current to relax to the Kramers rate are different quantities that scale differently with barrier height and temperature. The current generally has a longer relaxation time than the majority of the probability in the well. The rate relaxation time involves two relevant time scales of the system: the diffusion time and the instanton time. In this paper, we present a path integral study of another type of transient behavior, Brownian motion after a sudden change in temperature. We will find out how the probability distribution function and the transient current respond to such a sudden change. This problem has practical as well as fundamental importance in many areas such as chemical reactions modulated by laser pulses. [4] The body of this paper is organized as follows. In section II is the theoretical formulation for the Brownian motion after a sudden change of temperature. In section III, path (functional) integrals are manipulated to produce formulas for the probability distribution function and for the current during the transient response. In section IV, the numerical results for transient response to temperature change in a double well potential are presented.
In section V is a summary.
II. THE LANGEVIN EQUATION AND TRANSIENT CURRENT IN RESPONSE TO A SUDDEN CHANGE IN TEMPERATURE
The system we are interested in consists of a Brownian particle that is subject to an external potential and coupled to a thermal reservoir. The interaction from the reservoir on the Brownian particle is described by the random force. The reservoir is in an initial equilibrium state with a temperature T 0 (for time t ≤ 0). At time t = 0, the temperature of the reservoir is switched to another value T (for t ≥ 0). In this section, we outline a general theoretical formulation for this transient Brownian motion after such a sudden change in temperature.
We start with the following Langevin equation in its dimensionless forṁ
Here x and v are the position and velocity of the Brownian particle, respectively. γ is the damping (frictional) coefficient. V (x) is the potential that is general in form for the validity of the theoretical formulation in this section and the subsequent section III. The random force ξ(t) is a Gaussian noise that has zero mean and the δ-function correlation,
where β = E 0 /k B T with T being the temperature mentioned earlier, k B , the Boltzmann constant, and E 0 , an energy scale chosen to set every physical quantity in Eq.
(1) dimensionless. The brackets (·) denote the ensemble average for various samples of the random force ξ(t) in Eq. (1),
Here the statistical weight functional of the random force
with C being the normalization constant.
The initial condition is that the particle is in an equilibrium Boltzmann distribution at an initial temperature T 0 .
The initial partition function
For time t > 0, after the temperature is switched to T , the probability distribution, p(x, v, t), can be found through integrating the Langevin equation (1) or, equivalently, through solving the Fokker-Planck equation that is equivalent to the Langevin equation
(1). [5] The first way is what we pursue in this paper.
The time-dependent probability distribution function p(x, v, t) is related to the transition probability as
The transition probability, P (x 1 , v 1 , t 1 |x 2 , v 2 , t 2 ), for the particle, being in state (x 1 , v 1 ) at
, can be expressed in terms of transition paths, [5] 
Here x ξ+ (t) is a solution to the Langevin equation, (1), for one realization of the random force ξ(t), with the initial condition {x ξ+ (t 1 ) = x 1 ,ẋ ξ+ (t 1 ) = v 1 }. The random force ξ(t) is generated with its statistical weight functional P [ξ(t)] in Eq. (4). Based on the probability distribution p(x, v, t), the current,
can be evaluated for a given set of values for the inverse temperature β, the damping constant γ, and the initial inverse temperature β 0 .
III. PATH INTEGRALS AND THE TRANSIENT RESPONSE FORMULAS IN TERMS OF NEGATIVE FRICTION LANGEVIN EQUATION
In principle, Eq. (9) can be numerically implemented by integrating the Langevin equation
(1) in a straightforward way. But in many cases of practical importance, the transition probability is required for x 1 near the well bottom and x 2 near the barrier top. For such a purpose, the straightforward scheme is unrealistic for a temperature, k B T /E 0 << E b .
(β >> 1. E b is the activation energy barrier in its dimensionless form.) The presence of the (positive) friction γ in Eq.
(1) makes the probability exponentially small for generating a path along which the energy increases far above the thermal energy k B T . In order to overcome this bottleneck difficulty, we employ the transition path approach, [6] [7] [8] [9] [10] exploiting the negative friction Langevin equation. [10] In the path (functional) integral formalism [5, 11] , the transition probability can be expressed, in equivalence with Eq. (9), as
with the boundary conditions {x(t 1 ) = x 1 ,ẋ(t 1 ) = v 1 } and {x(t 2 ) = x 2 ,ẋ(t 2 ) = v 2 }. The normalization factor N is an infinite Jacobian that relates the measure D[x] in Eq. (11) to
in Eq. (9),
The effective action
is positive-definite. By partial integration, we can rewrite the action functional in Eq. (13) as
I − [x(t)] has identical functional form as I[x(t)] in Eq. (13) except that the friction coefficient γ is replaced by its negative, −γ.
Then the transition probability can then be expressed as
Noting the equivalence between Eq. (9) and Eq. (11), the transition probability (16) , that is parallel to Eq.(11), can be cast back into a form parallel to (9) ,
Here the exponential factor comes from the difference between the effective action functionals 
The negative path x ξ− (t) is obtained, for each realization of the random force ξ(t), by integrating the following negative friction Langevin equatioṅ
from time t 1 to t 2 with the initial condition {x ξ− (t 1 ) = x 1 ,ẋ ξ− (t 1 ) = v 1 }. In contrast to the standard Langevin equation (1), the negative friction term in Eq. (19) favors paths along which the energy increases. Of course, the negative friction path x ξ− is unphysical. But the use of it does not induce anything spurious because the multiplicative factors in Eq. (17) give the correct statistical weight for each path. For paths going from time t 1 to t 2 , the ratio between two normalization factors is
In Eq.(17), the functional (path) integral in Eq.(16) is implemented as weighted average of all possible transition paths. A transition path x ξ− (t) is obtained by forward integration of the negative friction Langevin equation (19) from t 1 to t 2 for each sample of ξ(t) over (t 1 , t 2 ). In fact, the functional integral in Eq.(16) can also be implemented with backward integration of the negative friction Langevin equation (19) from t 2 to t 1 for each sample of ξ(t) over (t 1 , t 2 ). Namely,
Then the normalization factor
can be found to be equal to N . Therefore,
Here the negative friction path, x ξ− (t), is obtained by integrating the negative friction Langevin equation (19) from t 2 to t 1 with the boundary (final) condition {x ξ− (t 2 ) = x 2 ,ẋ ξ− (t 2 ) = v 2 }, for each realization of the random force ξ(t) sampled.
Pulling together Eqs. (8) and (21), we have
Now, using the initial probability in Eq. (5) and the definition in Eq. (10), we arrive at the main results of this research, a formula for the probability distribution function and a formula for the current of a Brownian particle in transient response to a sudden change in temperature,
that are ready for numerical implementation. Here, again, the negative friction path, x ξ− (τ ), is to be generated by numerically integrating the negative friction Langevin equation (19) from time t backward to time 0, with a final condition, {x ξ− (t) = x,ẋ ξ− (t) = v}, for each realization of the random force ξ(τ ) sampled.
It interesting to note that when t → ∞, the initial state {x ξ− (0),ẋ ξ− (0)}, generated by backward integration of Eq.(19) with the final condition {x ξ− (t) = x,ẋ ξ− (t) = v}, will be independent of the final state (x, v). Therefore, Eq. (25) and Eq.(26) lead to the expected equilibrium state at the new temperature. The probability distribution and the current at the new equilibrium state,
IV. NUMERICAL RESULTS FOR AN ASYMMETRICAL DOUBLE WELL SYS-TEM
To illustrate our results for the transient response of the Brownian particle to a sudden change of temperature, we have numerically implemented Eq.(26) for a double well system.
The potential we chose is illustrated in Fig.1 ,
It has two potential wells. Well 1 is located at x 1 = −3.933 with V (x 1 ) = 0.0000 and well 2 at x 2 = 3.908 with V (x 2 ) = 0.3975. The difference between the two well bottoms is ∆ = 0.3975. Well 1 has an activation barrier E b1 = 1.222 and well 2 a barrier E b2 = 0.8245.
In the initial equilibrium state at temperature T 0 , the ratio of the population in well 2 over that in well 1 is proportional to exp[−β 0 ∆] for β 0 >> 1. In an equilibrium state at temperature T , that ratio would be exp [−β∆] . When the temperature is switched from T 0 to T , significant redistribution of population will occur and, therefore, transient current J(x, t) will rise to exist for a significant duration until the new ratio e −β∆ is reached. In 
